1. Statement of results. In this note we will prove the following theorem. The proof is given in §4. By a simplified version of the argument we also can prove Theorem 1.2. Suppose M and F are as in Theorem 1.1. If F embeds in Rk+Q with a trivial normal bundle for some q^n/2, then M is topologically embeddable in R2k+n+1 and differentiably embeddable in R2k+"+', where j^l and j^(n-k+3)/2.
The proof is given in §3. We have immediately this Corollary 1.3. If M is the total space of an Sk bundle over Sn, then M topologically embeds in R2k+n+1.
These results were discovered in an attempt to embed real projective spaces. The well-known Hopf fiberings of Pu and Pi give the following representations of these spaces: Pi is a fiber space over S4 with P% as fiber, and Pu is a fiber space over S8 with P7 as fiber. In [5] it is proved that Pu embeds in i?26 and Pu embeds in i?28. These results followed from rather extensive computations of secondary characteristic classes. The proof given here is geometric. James
[3] has shown that P15 does not immerse in i?2i and indicates that Sanderson has an immersion of Pu in R22. It therefore seems likely that this embedding of Pi6 is the best possible. For other recent work on embedding projective spaces, see [l] and [2] .
Another application is Theorem 1.6. SO (5) 4.1. We will first give a heuristic description of the proof. The details are given in 4.2. Since F is a 7r-manifold the normal bundle to any embedding of F in Rp, p^2k + l, will be trivial. In particular FXRk+m embeds in R2k+m. Using this we can get an embedding of FXFXDn into R2k+m. Because the factor FXDn is embedded in the normal bundle to the embedding of F we can not use a simple formula like 2.1.2 or even the idea of 3.1 to get an embedding of M. What we do is to construct a homotopy h[ : FXRk+m-^Rk+1XRk+m based on a regular homotopy of an immersion of F in Rk+i into an embedding of F during which a normal field of k+m frames is dragged along. This regular homotopy is then modified so that: (1) hi maps the second factor in a 1-1 fashion and maps the first factor trivially; (2) hi is an embedding of FXRk+m into R2k+<"+¡; (3) if ir.Rk+m ->FXRk+m is defined by ij(x)-^>(f, x), then hi if is an embedding for each / and each t. Let y: FXD"-*Rk+m be the embedding given by the hypothesis of the theorem. The map It is easily verified that / satisfies the conditions of Lemma 2.2. This proves the topological part. The differentiable part follows as in §3.
